Abstract. Resistance distance is a novel distance function, also a new intrinsic graph metric, which makes some extensions of ordinary distance. Let O n be a linear crossed octagonal graph. Recently, Pan and Li (2018) derived the closed formulas for the Kirchhoff index, multiplicative degree-Kirchhoff index and the number of spanning trees of H n . They pointed that it is interesting to give the explicit formulas for the Kirchhoff and multiplicative degree-Kirchhoff indices of O n . Inspired by these, in this paper, two resistance distance-based graph invariants, namely, Kirchhoff and multiplicative degree-Kirchhoff indices are studied. We firstly determine formulas for the Laplacian (normalized Laplacian, resp.) spectrum of O n . Further, the formulas for those two resistance distance-based graph invariants and spanning trees are given. More surprising, we find that the Kirchhoff (multiplicative degree-Kirchhoff, resp.) index is almost one quarter to Wiener (Gutman, resp.) index of a linear crossed octagonal graph.
Introduction
We will recall some background and notations that lead to the main results in subsection 1.1. Besides, we present the main results of linear crossed octagonal graph in the subsections 1.2 and 1.3.
Background
Many practical problems in real world can be described or characterized by graphs. In this paper, simple and undirected graphs are considered. Assume that G = (V G , E G ) is a graph. V G = {v 1 , v 2 , . . . , v n } is the vertex-set and E G = {e 1 , e 2 , . . . , e m } the edge-set of G. Further, |V G | and |E G | are the order and size of G, respectively. One follows [2] for terminology and notation that we omit here.
In graph theory, some parameters were used to characterize the structure properties of graphs. While many of them have practical applications in the fields of physico-chemical, biological and etc., some only have pure mathematics properties. Distance is one of the most studied quantity in graph, such as the sum of the distance, denoted by W (G) = i<j d ij , was named Wiener index [3] , where d ij is the length of a shortest path between vertices i and j. In 1994, Gutman introduced the Gutman index [4] as
The resistance distance [5] , a novel distance function, also a new intrinsic graph metric, was proposed by Klein and Randić in 1993 on the basis of the theory of electrical networks. Denote r ij the resistance distance between any two vertices i and j in graphs by a unit resistor instead of each edge. Klein and Randić [6, 7] defined the Kirchhoff index on the basis of the resistance distance and given it by Kf (G) = i<j r ij . The homologous consideration with Gutman index, Chen and Zhang [8] presented the multiplicative degree-Kirchhoff index as Kf * (G) = i<j d i d j r ij . Indeed, the Kirchhoff and Wiener index coincide (multiplicative degree-Kirchhoff and Gutman index, resp.), if G is a tree.
The number of spanning trees [2] of a given graph G is the number of subgraphs which contains each vertices of G and all those subgraphs shall be trees.
In spectral graph theory, the interplays between the structure properties and eigenvalues of G were highly concerned. The adjacency matrix A(G) = (a ij ) n×n of G is an (0, 
0,
otherwise.
According to the definitions of Lpalcian and normalized Laplacian, one immediately gets L(G) = D(G) − A(G) and L(G)
2 , see [9] [10] [11] [12] [13] for details. Gutman et al. [14] explored that the Kirchhoff and quasi-Wiener index coincide, that is
where 0 = µ 1 < µ 2 ≤ · · · ≤ µ n are the Laplacian eigenvalues of L(G). Based on the normalized Laplacian, Chen and Zhang [8] in 2007 proved that
where λ 1 ≤ λ 2 ≤ · · · ≤ λ n are the normalized Laplacian eigenvalues of L(G).
Since the extensively applications of the Kirchhoff index in the fields of physics, chemistry and networks science, such as, the smaller the Kirchhoff index, the better the connectivity of a given graph. It is more meaningful to determine the Kirchhoff or multiplicative degree-Kirchhoff index. Up to date, the Kirchhoff or multiplicative degree-Kirchhoff index have already determined of some classes of graphs, see [15] [16] [17] [18] [19] [20] [21] . In this paper, we only discuss a class of linear graphs. In 2007, Yang et al. [22] obtained the Laplacian spectrum and Kirchhoff index of linear hexagonal graph. The normalized Laplacian and multiplicative degree-Kirchhoff index of linear hexagonal graph were determined by Huang et al. [23] . Pan et al. [1] constructed a linear crossed hexagonal graph, the Kirchhoff and multiplicative degree-Kirchhoff indices were explored. Meanwhile, they pointed out that it is interesting to give the explicit formulas for the Kirchhoff and multiplicative degree-Kirchhoff indices of linear crossed octagonal graph, see Figure 1 .
Inspired by that interesting problem, we will explore the explicit formulas for the Kirchhoff and multiplicative degree-Kirchhoff indices of linear crossed octagonal graph.
The rest of the paper are concluded as follows. In this context, a method that has a big effect on the proofs of main results is presented in section 2. The proof of the Kirchhoff index of linear crossed octagonal graph is determined on the basis of the Laplacian spectrum. Also, one proves that the ratio between the Kirchhoff and Wiener index is almost one quarter of linear crossed octagonal graph in section 3. One determines the multiplicative degree-Kirchhoff index, the number of spanning trees and the ratio between the multiplicative degree-Kirchhoff and Gutman index is almost one quarter of linear crossed octagonal graph in section 4. The conclusion of whole paper is concluded in section 5. 
Kirchhoff index of linear crossed octagonal graph
In this subsection, one presents the Kirchhoff index and the ratio between the Kirchhoff and Wiener index of linear crossed octagonal graph as follows. Theorem 1.1. Suppose that O n are the linear crossed octagonal graphs. Then
6 .
To our surprise, one finds the Kirchhoff index is almost one quarter to its Wiener index of linear crossed octagonal graphs. 
Multiplicative degree-Kirchhoff index of linear crossed octagonal graph
In this subsection, one proposes the multiplicative degree-Kirchhoff index, the number of spanning trees and the ratio between the multiplicative degree-Kirchhoff and Gutman index of linear crossed octagonal graph as below.
At this place, the number of spanning trees of linear crossed octagonal graphs is given as below.
The same to the relationship between the Kirchhoff and Wiener index, the multiplicative degreeKirchhoff is almost one quarter to its Gutman index of linear crossed octagonal graphs. 
Preliminary
In this section, we will recall an important method which was presented in [24] . Based on this method, some special matrices of linear crossed octagonal graphs will be given.
Let P R (x) = det(xI − R) be the characteristic polynomial of the n × n matrix R. Assume that O n is the linear crossed octagonal graph, of which is generated by adding three pairs of crossed edges of each octagonal, see Figure 1 . One can straightforward to check that |V (G)| = 6n + 2 and |E(G)| = 13n + 1. Assume that V 1 = {1, 2, . . . , 3n + 1}, V 2 = {1 , 2 , . . . , (3n + 1) }. We immediately obtain that π = (1, 1 )(2, 2 ) · · · (3n + 1, (3n + 1) ) is an automorphism. Hence, the Laplacian and normalized Laplacian matrices of O n can be expressed by block matrices as below.
One easily obtains that
where P is the transposition of P . Further,
According to (2.3), one gets block matrices of L V1V1 and L V1V2 in term of the definition of Laplacian as follows.
, where l 11 = l 3n+1,3n+1 = 3, l 3i−1,3i−1 = l 3i,3i = 4 for i ∈ {1, 2, . . . , n} and l 3i+1,3i+1 = 5 for i ∈ {1, 2, . . . , n − 1}. Also, l i,i+1 = l i+1,i = −1 for i ∈ {1, 2, . . . , 3n}.
,
For the normalized Laplacian of linear crossed octagonal graphs, the blocks matrices of L V1V1 and L V1V2 are as below.
, where
, for i ∈ {1, 2, . . . , n − 1}. In what follows, the lemmas that we present are necessarily part in the proofs of the main results.
Lemma 2.1. [22, 23] Assume that L A , L S , L A , and L S are obtained as mentioned above. Then
where τ (G) is the number of spanning trees of G.
Proofs of Theorems 1.1 and 1.2
In this section, we will first give the proof of Theorem 1.1. According to (1.1), one will devote to figure out the Laplacian spectrum of O n due to its crucial role in the proof of Theorem 1.1.
Proof of Theorem 1.1. In view of (2.3), one gets
, 
, where l 11 = l 3n+1,3n+1 = 4, l 3i−1,3i−1 = l 3i,3i = 4 for i ∈ {1, 2, . . . , n} and l 3i+1,3i+1 = 6 for i ∈ {1, 2, . . . , n − 1}. 1, 1, 1, 1, . . . , 1, 1, 1, 1) .
That is to say, 0 is one of the eigenvalues of L A . In the line with (1.1), one gets the following lemma.
Lemma 3.1. Assume that O n are the linear crossed octagonal graphs. Then
According to the matrix L S , it is straightforward to verified that
In what follows, we will be concerned on the calculations of 3n+1 i=2 1 αi . At this place, we firstly give the following two facts which are used to facilitate the proof of Lemma 3.2.
Proof. For the sake of convenience, denoted W i the i-th order principal submatrix, that is, yield by the first i rows and columns of L A , i = 1, 2, · · · , 3n. Let w i = det W i . Then w 1 = 2 and w 2 = 4. By expanding det W i with regard to its last row, one obtains w i = 4w i−1 − 4w i−2 for 3 ≤ i ≤ 3n. By a straight calculation, one gets w i = 2 i . Notice that (−1) 3n a 3n is equal to the sum of all principal minors of L A as discussed above and each of them both have 3n rows and columns, we have
where
Let w 0 = 1 and det U 0 = 1. Assume that the R[j 1 , . . . , j k ] is the submatrix of R, of which is derived by removing the j 1 -th, . . ., j k -th rows and columns. According to the the structure of the symmetry matrix L A , one gets det U 3n+1−i = det W 3n+1−i . Thus one arrives
The result as desired.
Proof. Note that (−1) 3n−1 a 3n−1 is equal to the sum of all principal minors of L A as discussed above and each of them both have 3n − 1 rows and columns, one immediately obtains that
where det U 3n+1−j = 1, if j = 3n + 1.
In view of the matrix L A , one has
Let x i := det X i . We immediately get x i = 4x i−1 − 4x i−2 and x 1 = 4. Hence, we can obtain
The proof has completed.
Proof. Notice that
with a 3n = 0. One can easily get that
α3n+1 are the roots of the following expression
In the line with the Vieta's theorem, we have
Together with Facts 1 and 2, Lemma 3.2 immediately holds. Combining with Lemma 3.2 and (3.6), one gets the desired result of Theorem 1.1.
In what follows, we list all the Kirchhoff indices of linear crossed octagonal graph in Table 1 , where 1 ≤ n ≤ 20. In the following, we will devote to prove the ratio between the Kirchhoff and Wiener index of linear crossed octagonal graph.
Proof of Theorem 1.2. For distance d ij , there are four different species of vertex i while we calculate the Wiener index of linear crossed octagonal graphs. The expressions of each type of i are listed as below.
• Vertex 1 of O n :
2 .
• Vertex 3s − 1 (s = 1, 2, . . . , n) of O n :
k=1 2k = 2n(1 + 3n + 3n 2 ).
• Vertex 3s (s = 1, 2, . . . , n) of O n :
k=1 2k = n(1 + 3n + 6n 2 ).
• Vertex 3s + 1 (s = 1, 2, . . . , n − 1) of O n :
Thus, one has
Combining with W (O n ) and Kf (O n ), one gets
4.
Proofs of Theorems 1.3, 1.4 and 1.5
In this section, we will first give the proof of Theorem 1.3. According to (1.2), one concerns about the normalized Laplacian spectrum of O n due to its crucial role in the proof of Theorem 1.3. One then considers the number of spanning trees of linear crossed graph in Theorem 1.4. The ratio between multiplicative degree-Kirchhoff and Gutman index is determined in Theorem 1.5.
Proof of Theorem 1.3. According to (2.4), one has
, for k ∈ {0, 1, 2, . . . , n − 1}. 
, where l 11 = l 3n+1,3n+1 = 4 3 , l 3i−1,3i−1 = l 3i,3i = 1 for i ∈ {1, 2, . . . , n} and l 3i+1,3i+1 = 6 5 for i ∈ {1, 2, . . . , n − 1}.
Assume that 0 = λ 1 < λ 2 ≤ · · · ≤ λ 3n+1 and 0 < δ 1 ≤ δ 2 ≤ · · · ≤ δ 3n+1 are the roots of P L A (x) = 0 and P Ls (x) = 0, respectively. Notice that
Namely, 0 is one of the eigenvalues of L A . By (1.2), one get the lemma as below.
Lemma 4.1. Assume that O n are the linear crossed octagonal graphs. Then
According to the matrix L S , one can easily check that
In what follows, we will be concerned on the calculation of 
Note that (−1) 3n b 3n is equal to the sum of all principal minors of L A as discussed above and each of them both have 3n rows and columns, we have
Let m 0 = 1 and det R 0 = 1. Since a permutation similarity transformation of a square matrix preserves its determinant and the structure of matrix L A , one gets det R 3n+1−i = det M 3n+1−i . In the line with (4.10), one gets
m 3s+1 m 3(n−s−1)+2 + 2m 3n = 13n + 1 18
The desired result holds. Proof. Notice that (−1) 3n−1 b 3n−1 is equal to the sum of all principal minors of L A as discussed above and each of them both have 3n − 1 rows and columns, that is
where det U 3n+1−j = 1, if j = 3n + 1. Note that
According to the (4.11), all these cases of i and j are listed as follows.
That is, i = 3p, j = 3q and 1 ≤ p < q ≤ n. In this case, Y is a square matrix with order 3q − 3p − 1.
That is, i = 3p, j = 3q + 1 and 1 ≤ p ≤ q ≤ n − 1. In this case, Y is a square matrix with order 3q − 3p.
That is, i = 3p, j = 3q + 2 and 1 ≤ p ≤ q ≤ n − 1. In this case, Y is a square matrix with order 3q − 3p + 1.
That is, i = 3p and 1 ≤ p ≤ n. In this case, Y is a square matrix with order 3q − 3p.
That is, i = 3p + 1, j = 3q and 13 0 ≤ p < q ≤ n. In this case, Y is a square matrix with order 3q − 3p − 2.
That is, i = 3p + 1, j = 3q + 1 and 0 ≤ p < q ≤ n − 1. In this case, Y is a square matrix with order 3q − 3p − 1.
That is, i = 3p + 1, j = 3q + 2 and 0 ≤ p ≤ q ≤ n − 1. In this case, Y is a square matrix with order 3q − 3p.
That is, i = 3p + 1 and 0 ≤ p ≤ n − 1. In this case, Y is a square matrix with order 3n − 3p − 1.
That is, i = 3p + 2, j = 3q and
That is, i = 3p + 2, j = 3q + 1 and 0 ≤ p < q ≤ n − 1. In this case, Y is a square matrix with order 3q − 3p − 2.
That is, i = 3p + 2, j = 3q + 2 and 0 ≤ p < q ≤ n − 1. In this case, Y is a square matrix with order 3q − 3p − 1.
That is, i = 3p + 2 and 0 ≤ p ≤ n − 1. In this case, Y is a square matrix with order 3n − 3p − 2.
where . Proof. Note that
with a 3n = 0. One gets that
α3n+1 satisfies the following expression
Combining with Facts 3 and 4, the proof of Lemma 4.2 has completed. Substituting (4.9) and (4.13) to (4.8), we can get the following theorems.
In what follows, we list the multiplicative degree-Kirchhoff indices of linear crossed octagonal graphs in Table 2 , where 1 ≤ n ≤ 20. The result immediately holds. At this point, all the number of spanning trees of linear crossed octagonal graphs are listed in Table  3 , where 1 ≤ n ≤ 8. Proof of Theorem 1.5. For distance d ij , there are four different species of vertex i while we calculate the Gutman index of linear crossed octagonal graphs. The expressions of each type of i are listed as follows.
3 · 4 · (k + 1) · 2 + 3 · 3 · (1 + 3n + 3n) = 9 · (1 + n + 13n
2 ), where I = {1, 4, . . . , 3n − 2} and J = {3, 6, . . . , 3n − 3}.
• Vertex 3s − 1 (s = 1, 2, . . . , n) of O n : • Vertex 3s (s = 1, 2, . . . , n) of O n : 
Thus, one has
Gut(O n ) = 4f 1 (n) + 2f 2 (n) + 2f 3 (n) + 2f 4 (n) 2 = 107 + 92n + 126n 2 + 338n 3 .
Combining with Gut(O n ) and Kf * (O n ), one gets
Conclusion
In this paper, we first considered the Laplacian and normalized Laplacian of O n . Those have some great effects on computing the Kirchhoff and multiplicative degree-Kirchhoff index. The main results, namely, those resistance distance-based graph invariants and the number of spanning trees of O n were determined. For extended study, one may focus on the computing the resistance distance between any two vertices of O n on the basis of resistance sum rules or the Kirchhoff, multiplicative degree-Kirchhoff index and the number of spanning trees of linear octagonal Möbius graph.
